
Interval arithmetic in

GNU  Octave

Workspace DocumentationCommand Window

For more information, visit http://www.octave.org/get-involved.html

Read http://www.octave.org/bugs.html to learn how to submit bug reports.
For information about changes from previous versions, type 'news'.

>> pkg load interval
>> sum (infsupdec (magic (3)))
ans = 1×3 interval vector

   [15]_com   [15]_com   [15]_com

>>

Oliver Heimlich

oheim@posteo.de

SWIM 2016, Lyon, France
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Outline

The Octave universe

Implementation of IEEE Std 1788-2015

Interval arithmetic unit tests

IEEE Standard for Interval Arithmetic 

Sponsored by the  
IEEE Microprocessor Standards Committee 

IEEE 
3 Park Avenue  
New York, NY 10016-5997 
USA         

IEEE Computer Society 

IEEE Std 1788™-2015 

[0, 1] + [2, 3] = [2, 4]
[1, ∞]dac
[0, 1]com

= [1, ∞]trv

exp [0, 1] = hull [1, e]

http://standards.ieee.org/findstds/standard/1788-2015.html
http://www.gnu.org/software/octave/
http://octave-online.net/
http://www.gnu.org/
http://octave.sourceforge.net/
http://octave.sourceforge.net/interval/
http://jupyter.org/
https://github.com/oheim/ITF1788
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What is Octave?

“A free numerical environment

mostly compatible with MATLAB”

“free”

• part of the GNU project

• free = libre ≠ gratis

• FSF high priority project 2008–2016

to replace MATLAB

“compatible”

• if it works in MATLAB, it should work in Octave

• if it breaks, it is considered a bug

• if it works in Octave, it can break in MATLAB

history

• 1993 started by John W. Eaton

• 1995 structs and plotting

• 2001 packages / toolboxes

• 2007 sparse matrices

• 2011 profiler

• 2015 GUI, 64-bit indexing
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>> pkg load interval

>> demo @infsup/plot3 3

@infsup/plot3 example 3:

clf

[x, y] = meshgrid (mince (infsup ("[-5, 5] " ) , 20) , . . .

mince (infsup ("[0. 1, 5] " ) , 10) ) ;

z = log (hypot (x, y) ) ;

blue = [38 139 210] /255; base2 = [238 232 213] /255;

plot3 (x, y, z, base2, blue) ;

view (330, 12)

>> figure; demo @infsup/fsolve 2

@infsup/fsolve example 2:

clf

hold on

grid on

shade = [238 232 213] / 255;

blue = [38 139 210] / 255;

# This 3D ring is difficult to approximate with interval boxes

f = @(x, y, z) hypot (hypot (x, y) - 2, z) ;

[~, paving, inner] = fsolve (f, infsup ([-4; -4; -2] , [4; 4; 2] ) , . . .

infsup (0, 0. 5) , . . .

optimset (' TolX' , 0. 2) ) ;

plot3 (paving(1, not (inner) ) , . . .

paving(2, not (inner) ) , . . .

paving(3, not (inner) ) , shade, blue) ;

view (50, 60)

>> _
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What Octave is made of

Code

• 820,000 lines of C/C++

• 730,000 lines of m-scripts

• 60,000 lines of Fortran

• 99 contributors per year

Community

• mailing lists, wiki, IRC chat

• conference (> 30 participants/yr)

• Summer of Code (3–8 slots/yr)

• very active, friendly, supportive

Data from Open HUB

Data status: late 201 5

http://www.commitstrip.com/fr/2014/05/07/the-truth-behind-open-source-apps/
https://www.openhub.net/p/octave
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Octave Forge

Packages

These packages are meant for current versions of Octave. See the unmaintained section for information on older versions.

bim

Package for solving Diffusion Advection Reaction
(DAR) Partial Differential Equations

details download

bsltl

The BSLTL package is a free collection of
OCTAVE/MATLAB routines for working with the
biospeckle laser technique

details download

cgi

Common Gatway Interface for Octave

details download

communications

Digital Communications, Error Correcting Codes
(Channel Code), Source Code functions, Modulation
and Galois Fields

details download

control

Computer-Aided Control System Design (CACSD)
Tools for GNU Octave, based on the proven SLICOT
Library

details download

data-smoothing

Algorithms for smoothing noisy data

details download

database

Interface to SQL databases, currently only postgresql
using libpq

details download

dataframe

Data manipulation toolbox similar to R data

details download

dicom

Digital communications in medicine (DICOM) file io

details download

divand

divand performs an n-dimensional variational
analysis (interpolation) of arbitrarily located
observations

details download

doctest

The Octave-Forge Doctest package finds specially-
formatted blocks of example code within
documentation files

details download

econometrics

Econometrics functions including MLE and GMM
based techniques

details download

fem-fenics

pkg for the resolution of partial differential equations
based on fenics

details download

financial

Monte Carlo simulation, options pricing routines,
financial manipulation, plotting functions and
additional date manipulation tools

details download

fits

The Octave-FITS package provides functions for
reading, and writing FITS (Flexible Image Transport
System) files

details download

fl-core

The package contains code for basic functions in
Fuzzy Logic for Octave

details download

fpl

Collection of routines to export data produced by
Finite Elements or Finite Volume Simulations in
formats used by some visualization programs

details download

fuzzy-logic-toolkit

A mostly MATLAB-compatible fuzzy logic toolkit for
Octave

details download

ga

Genetic optimization code

details download

general

General tools for Octave

details download

generate_html

This package provides functions for generating HTML
pages that contain the help texts for a set of functions

details download

geometry

Library for geometric computing extending MatGeom
functions

details download

Octa ve -Forge  - Extra packages for GNU Octave

Home · Packages · Developers · Documentation · FAQ · Bugs · Mailing Lists · Links · CodeRepository of free extra packages

• released individually

• by domain experts

• add yours!

http://octave.sourceforge.net/packages.php


Oliver Heimlich 8 of33SWIM 2016

Octave Forge

interval

Package Version: 1.4.1

Last Release
Date:

2016-02-13

Package Author:
Oliver Heimlich
<oheim@posteo.de>

Package
Maintainer:

Oliver Heimlich
<oheim@posteo.de>

License: GPL-3.0+

Download Package
(older versions)

Function Reference

Package
Documentation

NEWS

Description

The interval package for real-valued interval arithmetic allows one to evaluate
functions over subsets of their domain. All results are verified, because interval
computations automatically keep track of any errors. These concepts can be
used to handle uncertainties, estimate arithmetic errors and produce reliable
results. Also it can be applied to computer-assisted proofs, constraint
programming, and verified computing. The implementation is based on interval
boundaries represented by binary64 numbers and is conforming to IEEE Std
1788-2015, IEEE standard for interval arithmetic.

Details

Dependencies: Octave (>= 3.8.0)

Runtime system dependencies: mpfr (>= 3.1.0) [Debian] libmpfr4 (>= 3.1.0)

Build dependencies: mpfr (>= 3.1.0) [Debian] libmpfr-dev (>= 3.1.0)

Autoload: No

Octa ve -Forge  - Extra packages for GNU Octave

Home · Packages · Developers · Documentation · FAQ · Bugs · Mailing Lists · Links · Code

… with online documentation

http://octave.sourceforge.net/interval/index.html


Oliver Heimlich 9 of33SWIM 2016

Octave Online

 Octave Online
octave:1> pkg load interval
octave:2> demo @infsup/fsolve 1
@infsup/fsolve example 1:
 clf
 hold on
 grid on
 axis equal
 shade = [238 232 213] / 255;
 blue = [38 139 210] / 255;
 cyan = [42 161 152] / 255;
 red = [220 50 47] / 255;
 # 2D ring
 f = @(x, y) hypot (x, y);
 [outer, paving, inner] = fsolve (f, infsup ([-3; -3], [3; 3]), ...
                                  infsup (0.5, 2), ...
                                  optimset ('TolX', 0.1));
 # Plot the outer interval enclosure
 plot (outer(1), outer(2), shade)
 # Plot the guaranteed inner interval enclosures of the preimage
 plot (paving(1, inner), paving(2, inner), blue, cyan);
 # Plot the boundary of the preimage
 plot (paving(1, not (inner)), paving(2, not (inner)), red);
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Run Octave in your browser

• interactive

• sign in to upload script files

http://octave-online.net/
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Jupyter Notebook

Webapp: Create and share

documents with live code

Popular among young scientists

(Python generation)

Octave support:

github.com/Calysto/octave_kernel

https://github.com/Calysto/octave_kernel


Okay.



Octave is great!



It is 2014.



The draft standard

P1788

is ready.



Let me implement it.
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Main goals

1 Simplicity but reasonable efficiency

2 Easy to use and learn

3 Easy to develop new parts

4 All famous methods at one place

Jaroslav Horácek

Introducing LIME – general interval toolbox for Matlab/Intlab

SWIM 201 4, Uppsala, Sweden

http://www.math.uu.se/digitalAssets/562/562622_1horacek_slides.pdf


Oliver Heimlich 17 of33SWIM 2016

Main goals

1 Simplicity but reasonable efficiency

2 Easy to use and learn

3 Easy to develop new parts

4 All famous methods at one place

0
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@infsupdec

@infsupdec

inf sup

Design principles

only one flavor:

set-based interval arithmetic

inf-sup data type

boundaries in binary64

arithmetic carried out by

MPFR routines (correctly rounded,

no rounding mode switches)

http://www.mpfr.org/
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Selected features

implicit constructors

implicit promotion of

undecorated intervals

>> x = infsup (0, 1)

x = [0, 1]

>> x + 1

ans = [1, 2]

>> x + "[0. 5, 0. 75] "

ans = [0. 5, 1. 75]

>> y = infsupdec (0, 1)

y = [0, 1] _com

>> x / y

warning: Implicitly

decorated bare interval;

resulting decoration may be

wrong

ans = [0, Inf] _trv
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Selected features

correctly rounded

reduction operations

on intervals

>> A = [1; 2^-1074; -1]

A =

1. 0000e+00

4. 9407e-324

-1. 0000e+00

>> sum (A)

ans = 0

>> sum (infsup (A) )

ans ⊂ [4. 9406e-324, 4. 9407e-324]

>> issingleton (ans)

ans = 1



Oliver Heimlich 21 of33SWIM 2016

Selected features

(by accident)

compatible with

Intlab to some

extend

Introduction to 

INTERVAL ANALYSIS

Ramon E. Moore
Worthington, Ohio

R. Baker Kearfott
University of Louisiana at Lafayette
Lafayette, Louisiana

Michael J. Cloud
Lawrence Technological University
Southfield, Michigan

Society for Industrial and Applied Mathematics
Philadelphia

http://bookstore.siam.org/ot110/
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Difficulties during implementation

Interval operations:

1. reverse pow

2. reverse sin, cos, tan, atan2

3. periodic: sin, cos, tan

Unknown ULP accuracy of

native floating-point

operations (system-

dependent).

Introduction Reverse pow1 Reverse pow2 Reverse pow3 Summary

Look-up-table

pow1−1 (y, z):

y ◦◦[0, 0]
z ◦◦ [0, 1] beforeP equalP finishedBy containsP startedBy afterP

overlaps/starts [z1/y ,+∞[ ∅ [z1/y ,+∞[ ]0, z1/y ] ∪ [z1/y ,+∞[ ]0, z1/y ] ]0, z1/y ]
containedByP [z1/y , z1/y ] ∅ [z1/y ,+∞[ ]0, z1/y ] ∪ [z1/y ,+∞[ ]0, z1/y ] [z1/y , z1/y ]

finishes [1, z1/y ] ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ [z1/y , 1]
equalP/finishedBy [1,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0, 1]

containsP/startedBy [z1/y ,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0, z1/y ]
overlappedBy [z1/y , z1/y ] ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ [z1/y , z1/y ]

metBy [z1/y , 1] ]0,+∞[ ]0,+∞[ ]0,+∞[ ]0,+∞[ [1, z1/y ]
afterP [z1/y , z1/y ] ∅ ]0, z1/y ] ]0, z1/y ] ∪ [z1/y ,+∞[ [z1/y ,+∞[ [z1/y , z1/y ]

Note: For z ≤ 0 the result is ∅. Results for unbounded intervals can easily be obtained via limit values.

pow1−2 (x, z) is defined in a similar manner

Ternary function uses hull

O. Heimlich, M. Nehmeier, J. Wolff v. Gudenberg — Computing Reverse Interval Power Functions 15/31

Heimlich, Nehmeier, Wolff von Gudenberg

–  Computing Reverse Interval Power Functions,

SCAN 201 2

https://se2.informatik.uni-wuerzburg.de/publications/talkNehmeierSCAN12.pdf
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Current state

IEEE 1788 conformance since first release (Jan 2015),

much more has already been added since then:

Plotting (2D, 3D)

User manual with examples

Set inversion (SIVIA) and contractor programming

Matrix inversion, matrix exponential, matrix norm,

and many more supplementary functions
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Distribution

GNU/Linux: your

favorite system distribution

Windows:

part of Octave Installer

MacPorts, FreshPorts, …

Octave's package manager:
pkg install -forge interval

Debian Package Tracker — Copyright 2013-2016 The Distro Tracker Developers
Report problems to the tracker.debian.org pseudo-package in the Debian BTS.

Documentation — Git Repository — How to contribute

octave-interval
real-valued interval arithmetic for Octave

general

versioned links

binaries

source: octave-
interval (extra, misc)

version: 1.5.0-1

maintainer: Debian
Octave Group (archive)

uploaders: Oliver
Heimlich

arch:  any

std-ver: 3.9.8

VCS: Git (Browse)

versions  

testing: 1.4.1-1

unstable: 1.5.0-1

1.4.1-1:     

1.5.0-1:     

octave-interval

testing migrations
excuses:

Too young, only 0 of 5 days old
Updating octave-interval fixes old bugs: #825895
Not considered

news
[2016-06-05] Accepted octave-interval 1.5.0-1 (source amd64) into unstable
(Oliver Heimlich) (signed by: Sébastien Villemot)

[2016-02-19] octave-interval 1.4.1-1 MIGRATED to testing (Debian testing watch)

[2016-02-13] Accepted octave-interval 1.4.1-1 (source amd64) into unstable
(Oliver Heimlich) (signed by: Sébastien Villemot)

[2016-02-12] Accepted octave-interval 1.4.0-1 (source amd64) into unstable
(Oliver Heimlich) (signed by: Sébastien Villemot)

[2016-02-05] Accepted octave-interval 1.2.0-1 (source amd64) into unstable,
unstable (Oliver Heimlich) (signed by: Sébastien Villemot)

https://tracker.debian.org/pkg/octave-interval
https://ftp.gnu.org/gnu/octave/windows/
https://trac.macports.org/browser/trunk/dports/math/octave-interval/Portfile
http://www.freshports.org/math/octave-forge-interval/
https://ftp.gnu.org/gnu/octave/windows/


Interval unit tests
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Motivation Domain Specific Language Design Summary

IaTestGen
A unit test generator for implementations of the upcoming

IEEE interval arithmetic standard written in Java

M.Jedich, M.Nehmeier, A.Dallmann, J. Wolff von
Gudenberg

Institute of Computer Science
University of Würzburg

Germany

SWIM 2013

M.Jedich, M.Nehmeier, A.Dallmann, J. Wolff von Gudenberg — IaTestGen 1/25

ITF1788: An Interval Testframework
for IEEE 1788

Maximilian Kiesner, Marco Nehmeier, and Jürgen Wolff von Gudenberg

Institute of Computer Science, University of Würzburg
Am Hubland, D 97074 Würzburg, Germany

maximilian.kiesner@stud-mail.uni-wuerzburg.de
nehmeier@informatik.uni-wuerzburg.de
wolff@informatik.uni-wuerzburg.de

June 17, 2015

Abstract. Libraries implementing the interval arithmetic standard
IEEE 1788 have to be tested for errors. Although the standard is lan-
guage agnostic, the different implementations are not. Therefore the same
tests must be implemented in many different languages. Hence it is useful
to only have to formulate the tests once – in a domain-specific language
– and to subsequently generate the language-specific test code automat-
ically. To save time and encourage test-driven development, we present
a language for testing interval arithmetic libraries and a corresponding
source code generator which produces language-specific unit tests.

Keywords: domain-specific language, IEEE1788, interval arithmetic,
ITF1788, source code generation, test-driven development, unit test

1 Introduction

Floating point numbers are widely used in computer science to approximate real
numbers. Due to their limited precision, complex calculations may however lead
to poor results. Interval arithmetic tackles this problem by representing a real
value x as a tuple of floating point numbers [a , b], called an interval, where
a ≤ x ≤ b. Real-valued functions are adapted accordingly, requiring an interval-
valued input and evaluating to an interval-valued output. The Fundamental The-
orem of Interval Arithmetic then guarantees that the result of evaluating this
function produces an interval which encloses the real-valued result of the original
function.
The IEEE Interval Standard Working Group 1788 [7] is working on a compre-
hensive standard for interval arithmetic, which includes methods and algorithms,
whose validity can be proven by mathematical methods. In practice the different
language-specific implementations are prone to a variety of errors. These may
occur in the implementation’s source code, the compiler or the CPU. It is thus
reasonable to spotcheck an implementation with unit tests.

Test framework development

Latest activity:

github.com/oheim/ITF1 788

https://github.com/oheim/ITF1788
https://www.ensta-bretagne.fr/jaulin/swim13_slides_jedich.pdf
https://se2.informatik.uni-wuerzburg.de/publications/tr495.pdf
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Test compiler

testcase example {

disjoint [3.0, 4.0] [1 .0, 2.0] = true;

}

ITF1788

using namespace ibex;

BOOST_AUTO_TESTCASE(EXAMPLE)

{

BOOST_CHECK(

Interval(3.0, 4.0).is_disjoint(

Interval(1.0, 2.0)));

}

pkg load interval

## example

%!test

%! assert (disjoint (

infsup (3.0, 4.0),

infsup (1.0, 2.0)));

DSL

various

plug-ins

using ValidatedNumerics

using FactCheck

facts("example") do

@fact isdisjoint(

Interval(3.0, 4.0),

Interval(1.0, 2.0))

--> true

end
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Gaol Validated-

Numerics.jl

(py)Ibex

Shared test suite

MPFI C-XSC, FI_LIBlibieeep1788

Octave

Available plug-ins and

number of derived

tests per l ibrary

Data status: June 201 6

9631,3825,882

866

Interval test network

http://www2.math.uni-wuppertal.de/~xsc/software.html
https://gforge.inria.fr/projects/mpfi/
https://github.com/nehmeier/libieeep1788
http://octave.sourceforge.net/interval/
http://www.ibex-lib.org/
https://sourceforge.net/projects/gaol/
https://github.com/dpsanders/ValidatedNumerics.jl
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This repository Pull requests Issues Gist

6 54benEnsta / pyIbex

Code Issues 3 Pull requests 0

Several arithmetic errors #11
oheim opened this issue on 22 Nov 2015 · 2 comments

Edit New issueNew issue

oheim commented on 22 Nov 2015

The following errors have been found using pyIbex 1.1.3 and are probably derived from IBEX.

Interval.ALL_REALS.contains(∞) should be false, because an interval is a subset of the reals and ∞ is
no real number (same is true for -∞).

1. 

pyIbex.atan2([0, 0], [entire]) should contain [0, π], but is [empty].2. 
pyIbex.atan2([-2, -0.1], [entire]) should contain [-π, 0], but is [empty].3. 
pyIbex.atan2([-2, 0], [entire]) should contain [-π, π], but is [empty].4. 
pyIbex.atan2([-2, 0], [-2, 1]) should contain [-π, π], but is [-π, 0].5. 
pyIbex.atan2([0, 1], [entire]) should contain [0, π], but is [empty].6. 
pyIbex.atan2([0.1, 1], [entire]) should contain [0, π], but is [empty].7. 
pyIbex.atanh([1, ∞]) and pyIbex.atanh([1, 1]) return [+∞], which is not an interval, should be [empty].8. 
pyIbex.atanh([-∞, -1]) and pyIbex.atanh([-1, -1]) return [-∞], which is not an interval, should be [empty].9. 
pyIbex.sin(Interval(float.fromhex('-0X1.921FB54442D18P+1'), 0.0))  does not cover 0 as a

possible result.
10. 

pyIbex.bwd_abs([-1.9, 0.2], [-0.2, 0.2]) increases the size of x, which should never happen for
backward arithmetics.

11. 

pyIbex.bwd_pow([-1, 5], 0, [-51, 12]) reduces the size of x, which is wrong.12. 
pyIbex.bwd_pow([1, 1], 0, [entire]) should produce x = [entire], but is x = [-1, 1].13. 

Labels

Milestone

No milestone

Assignees

No one assigned

2 participants

None yet

Notifications

You’re receiving notifications because
you were mentioned.

 Unsubscribe

 Watch  Star  Fork

 Wiki  Pulse  Graphs

 Open

Practical value of additional test cases

Found: 13 arithmetic

errors in 5 functions

https://github.com/benEnsta/pyIbex/issues/11
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The following cases of poor accuracy could be improved:

pow([empty], 0) returns [1, 1], should be [empty].1. 
pyIbex.sqrt([entire]), pyIbex.sqrt([0, 1]) and other values for x produce a negative lower boundary,
should be zero.

2. 

pyIbex.tan(Interval(0.0, float.fromhex('0X1.921FB54442D18P+0')))  returns [entire], should be
[0, 1.63312e+16].

3. 

pyIbex.bwd_abs(Interval(float.fromhex('-0x1p-1022'), float.fromhex('-0x1p-1022')),

Interval.ALL_REALS)  should produce x = [empty]. Also this function call modifies the content of
Interval.ALL_REALS, which is bad.

4. 

pyIbex.bwd_abs([-1, 0], [entire]) should produce x = [0, 0], but is [-1, 1].5. 
pyIbex.bwd_abs([-∞, 0], [entire]) should produce x = [0, 0], but is [entire].6. 
pyIbex.bwd_abs([-∞, -1], [entire]) should produce x = [empty], but is [entire].7. 
pyIbex.bwd_abs([-∞, 1], [entire]) should produce x = [-1, 1], but is [entire].8. 
Interval(float.fromhex('-0X0.0000000000002P-1022'), float.fromhex('0X0.0000000000001P-
1022')).mid() should use IEEE 754 rounding mode “to nearest, ties to even” and produce 0.

9. 

pyIbex.bwd_cosh([empty], [0, ∞]) should produce x = [empty], but is x = [0, ∞].10. 
pyIbex.bwd_cosh([empty], [entire]) should produce x = [empty], but is x = [entire].11. 
pyIbex.bwd_pow([-1, 0], 0, [-1, 1]) should produce x = [empty], but is x = [-1, 1].12. 
pyIbex.bwd_pow([0, 0], -1, [-5.1, 55.5]) should produce x = [empty], but is x = [0, 0].13. 
pyIbex.bwd_pow([-∞, 0], -3, [5.1, 55.5]) should produce x = [empty], but is x = [5.1, 55.5].14. 
pyIbex.bwd_pow([0, ∞], 3, [entire]) should not produce a negative lower boundary.15. 
pyIbex.bwd_pow([-∞, 0], 3, [entire]) should not produce a positive upper boundary.16. 
pyIbex.bwd_pow([-10, 0], -2, [entire]) should produce x = [empty], but is x = [entire].17. 
pyIbex.bwd_pow([-∞, 0], -7, [entire]) should produce x = [-∞, 0], but is [entire].18. 

msis commented on 28 Nov 2015 … and 18 additional

problems in 7 functions

Practical value of additional test cases

https://github.com/benEnsta/pyIbex/issues/11
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Please contribute

if you find this useful!

use Octave for

education
share unit tests

prototype new

algorithms in Octave
report problems

write tutorials

code
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Conclusion

Standards conforming interval arithmetic readily usable

almost everywhere

Easy to use and extend for education and research

Unit tests help to build further implementations or make

existing ones standards conforming



Thank you!




