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Hybrid Cyber-Physical Systems

Interaction discrete
+ continuous dynamics

Safety-critical
embedded systems

Networked
3 autonomous systems



Hybrid Cyber-Physical Systems
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Modelling — hybrid automaton (Alur, et al. 1995)

Non-linear continuous dynamics
Nonlinear guards sets
Nonlinear reset functions

Bounded uncertainty  Lnit()

H=(9,D,P,L,A,lnv,F),
Continuous dynamics

flow(q) : x(t) = fy(x,p, t),
Inv(q) : vq(x(t),p,t) <O,

Discrete dynamics
A>e: (q9—q)=(q,guard,0,p,q’),
guard(e) :  7ve(x(t),p, t) =0,

to<t<tn, X(tp) eXoCR", peP
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s Hybrid Cyber-Physical Systems
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Example : the bouncing ball

X
-g initial conditions
‘10, v=0>0

discrete transition -

jump .
z=10 A velocity v Hme
Jv' = —v \ \
>
\ \\ \ time
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Hybrid Cyber-Physical Systems

Example : the bouncing ball

6 ! ! !

_ _ Initial conditions

b e Free fall
e\ Continuous transitions

Discrete transitions
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Estimation of Hybrid State

MOde"ing — hybrid aUtomaton GUARDS & ACTIONS

\
Nonlinear ...

Bounded uncertainty
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Set Membership Estimation

Unknown but bounded-error framework

Solution set

D14

Vi II

Set Membership Algorithm

—>

\

>p2

Uncertainties and errors are bounded with known prior bounds l

A set of feasible solutions

S={pePlf(p)cY}=F1Y)NP

9
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Set Membership Estimation

State estimation with continuous systems

Interval observers

(Moisan, et al. 2009), (Mazenc & Bernard, 2010),
(Meslem & Ramdani, 2011), (Raissi, et al., 2012),

(Combastel, 2013), (El Thabet, et

140
Monotonicity 120
Change of coordinates 100

LMI ...
Ensure practical stability

Substrate

0 5 10 15 20

al. 2014), (Efimov, et al. 2015)

Time (days)



5 Set Membership Estimation
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State estimation with continuous systems

Prediction - Correction / Filtering approaches

(Raissi et al., 2005), (Meslem, et al, 2010),
(Milanese & Novara, 2011), (Kieffer & Walter, 2011) ...

Reachability A X . x=f(x) +
+ Set inversion [ j] (x) [xf*']
Forward backward /‘/

*

consistency

> >

g’ ([y.m ])

>

11



[ Set Membership Estimation
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Set inversion. Parameter estimation

Branch-&-bound, branch-&-prune, interval contractors ...
(Jaulin, et al. 93) (Raissi et al., 2004)
S={zeZ, [f(z €Y} —-SCSCS

f([z]) CY = [z] C S : inner approximation
fF(2))NY =0 = [z] £S:outer approximation = [z] C Z\S
otherwise partition ...
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Set Membership Estimation

State estimation with Continuous systems

Interval observers
Prediction-correction / Filtering approaches

State estimation with Hybrid systems

Piecewise affine systems (Bemporad, et al. 2005)
ODE + CSP (Goldsztejn, et al., 2010)

Nonlinear case (Benazera & Trave-Massuyes, 2009)
SAT mod ODE (Eggers, Ramdani, et al., 2012)
Reachability-based (Maiga, Ramdani, et al. 2015).

13
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Predictor-Corrector approach for hybrid systems
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LAAS-CNRS
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A Reachability based approach
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Predictor-Corrector approach for hybrid systems

- e:g(r) 20
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Reachability based approach
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mode =1 _
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reset mapping wm,
n
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mode =1 _

Xi(to)

4
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reset mapping wm,
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mode =1 P
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mode =1

4
, &
reset mapping wm,
n
n
-

Reachability based approach
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mode =1 P
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mode =1 _ g N
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ﬁ Reachability based approach
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mode =1 _

X2*(t1) y
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P Reachability based approach
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— /// .
mode =1 ™ Xu(tr)=Xs*(t:)Ngr " (Y(t1)) \

X1*(t1) ‘

Xa(t1)=X2*(t1)Ng2"1(Y(t1))

17



m Reachability based approach
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Reconstructed
————— Hybrid Solution
mode =1 1(t1)=X1+(t1)ﬂg1'1(Y(t1)) \\ State TraIeCtO! !:

X1*(t1)

Xa(t1)=X2*(t1)Ng2"1(Y(t1))
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ﬁ Reachability based approach
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Reconstructed

— Hybrid Solution
mode =1 1(t1)=X1+(t1)ﬂg1'1(Y(t1)) \\ —l_rLState Trajectory:

Xa(t1)=X2*(t1)Ng2"1(Y(t1))
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Reconstructed

—— Hybrid Solution
mode =1 1(t1)=X1+(t1)ﬂg1'1(Y(t1)) \,\ State TraIeCtO! !:

X1*(t1) ‘

t1

{g=1, X1(t1)} u
{g=2, Xa(t1)}

Xa(t1)=X2*(t1)Ng2"1(Y(t1))
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Reachability based approach

mode =1

Reconstructed
e Hybrid Solution

__

X1*(t1)

Xa(t1)=Xq1*(t1)Ng1(Y(t1))

/ Xa(t2)=X1*(t2)Ngr(¥(t2)) State Trajectory:

Xa(t1)=X2*(t1)Ng2"1(Y(t1)) X2(t2)=X2*(t2)Ng21(Y(t2))
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Reachability based approach

mode =1

e

Reconstructed
e Hybrid Solution

: =X+ Nqgq-T H .
1(t1)=X1+(t1)ﬂg1'1(Y(t1)) Xa(t2)=X1*(t2)Ng17(Y(t2)) \ State TraleCtOQ[.

X1*(t1)

{g=1, X4(t2)} u
{g=2, X2a(t2)}

Xa(t1)=X2*(t1)Ng2"1(Y(t1)) X2(t2)=X2*(t2)Ng21(Y(t2))
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Reconstructed
e Hybrid Solution
mode =1 o™ y i ioxe(t)Ngri(Yt)) N2 X Neri(Y(iz) State Trajectory:

X1*(t1)

{g=1, X4(t2)} u
{g=2, X2a(t2)}

Xa(t1)=X2*(t1)Ng2"1(Y(t1)) X2(t2)=X2*(t2)Ng21(Y(t2))
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Reconstructed
e Hybrid Solution
mode=1 o ) ioxotongri(Y)) o (RNeri(Y(R) \\ State Trajectory:

X1*(t1)

{g=1, X4(t2)} u
{g=2, X2a(t2)}

Xa(t1)=X2*(t1)Ng2"1(Y(t1)) X2(t2)=X2*(t2)Ng21(Y(t2))
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Reconstructed

——— Hybrid Solution
mode = 1 t1)=X1+(t1)ﬂg1'1(Y(t1)) X1 (t2)=X1+(t2)ng1-1(Y(t2)) \\ State Tra ieCtO! ! .

{g=1, X4(t2)} u
{g=2, X2a(t2)}

Xa(t1)=X2*(t1)Ng2"1(Y(t1)) X2(t2)=X2*(t2)Ng21(Y(t2))
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Reachability based approach
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Filter out mode
N g=1 at time t; Reco.nstructt_ad
e — Hybrid Solution
-y, + -1 = N i "
mode = 1 1(t1)=X1+(t1)ﬂg1'1(Y(t1)) X1(t2) Xq (t2)ﬂg1 (Y(t2)) \\ State TraleCtO! !-
Xa(t1)
t1

ts
{q=2, Xa(t3)}

ta
X2(t3)=X2+(t§/)ﬂgz'1 (Y(t3))

Xa(t1)=X2*(t1)Ng2"1(Y(t1)) X2(t2)=X2*(t2)Ng21(Y(t2))
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Reachable set
| | x(7), to<T <t
R([to, t]; Xo) = { x(7) =Of(x, p,7) A x(ty) EXg ApeP }

Set integration
Interval Taylor methods
Bracketing enclosures
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Reachable set
| | x(7), to<T <t
R([to, t]; Xo) = { x(7) =Of(x, p,7) A x(ty) EXg ApeP }

Set integration
Interval Taylor methods
Bracketing enclosures
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Guaranteed set integration
... with interval Taylor methods.
(Moore, 66) (Lohner, 88) (Rihm, 94) (Berz, 98) (Nedialkov, 99)
... with interval Taylor models.
(Chen, 2012)
also via interval Runge Kutta.
(Alexandre dit Sandretto & Chapoutot, 2015)

19



B Continuous Reachability
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Guaranteed set integration

... with interval Taylor methods.

(Moore, 66) (Lohner, 88) (Rihm, 94) (Berz, 98) (Nedialkov, 99)
... with interval Taylor models.

(Chen, 2012)
also via interval Runge Kutta.

(Alexandre dit Sandretto & Chapoutot, 2015)

Comparison theorems for differential inequalities

Monotone systems
(Ramdani et al., 2010)
Muller’s theorem

(Kieffer et al. 2006) (Ramdani, et al. 2006), (Ramdani, et al. 2009)
19
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

20
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Hybrid Reachability Computation

Guaranteed event detection & localization
An interval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)
Timegrid &> f<ti<tb<---<ty

A
[x/] [Xj+1]

— 7()=0

[t*, 7]

tj (] tj+1

Compute [t*, t"] x [A7]

20
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

x(t) = f(x,p,t), to<t<tn,x(ty) € [x0], P € [P]

Time grid — o < 1 <t < --- <ty

a priori [X;]

[x;] / [x;1]

@ Analytical solution for [x](t), t € [tj, tj+1] J

x](2) = [x;] + kZ;ll (t — )" fU([x], [p]) + (t — ) FIN([%;], [p])

20
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

Timegrid > f<ti<tb<---<ty

A
[x/] [x;:1]

— 7(.)=0

[t*, ]

t [t]  ta

Compute [t*, t7] x [X7]

20
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

Timegrid - tH<thi<tbh < ---<ty

@ [x](t) = Interval Taylor Series (ITS)(t, [x;], [X;])
o ([X|(£)) =0 J

= 70 ITS(t,x;, [%]) = (¢, x;) J

Solve CSP ([tj, tj+1] % [xj],%(.,.) 2 0)

21
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Detecting and localizing events

Improved and enhanced version. A faster version.
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

C, basedon HCA
I y.l.)=0

[x,] (%))

—
—

.

) Lo

t'] if width ([¢*])>¢; then bissect([¢"])

\\

B

>
t

22
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Detecting and localizing events

Improved and enhanced version. A faster version.
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

C, basedon HCA
‘ y.l.)=0

\ ::: (X))

N \\\\\.\\\\\\\\\

r—.‘

[t"] if width ([¢°])>¢ then bissect([¢"])

[X,]
T —

> L
¢ t

22
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Detecting and localizing events

Improved and enhanced version
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

= =| = —~ - _ Flow transitions ? [_ ~Elgw transitions
- ey BT S 3F N -~ |( 1 ‘-)) =0
T . \7
2F - 72k m—
iy mode 1 A
A
1 1 \
L . . \ Discrete transitions
ok iDiscrete transitions Frontiers | \
! il 1 \
[ \
Tr ! - 1t \ .
l_ y \' - \
‘ - . \o : - . - \
2} \ - 2b mode 2 \ 1 " |
\ 5 i —g 8 =]
" \ = |” \
-3 - ‘ - -3 = .\.\ 1 ! " \ 3
N
'~
| | | | |-
Reachable sets = P
5 1 ' L 1 L 1 s N N N
° 0.05 0.1 0.15 0.2 0.25 03 0.35 A 08 06 04 02 0 0.2 04 06 08
Time (s) €y
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Hybrid Reachability Computation

s > 0.7 s > 0.8

Detecting and localizing events 0‘@.@
Improved and enhanced version ~—— ~—

(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

/I—-\ 8

0-9 L] L] \J L}
0es | / m;

=
- 6»
4
4

i

m;

085

086

0.55

05

(e) Stxt (f) YxX space

24
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Hybrid Reachability Computation

Detecting and localizing events

Improved and enhanced version
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

Bouncing ball in 2D.

25
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Detecting and localizing events

Improved and enhanced version
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

Bouncing ball in 2D.

2
1.5 %
/ 0.5
1
P, 0

[/
\

k\(/
A . Y

5 AWAN ¥

S

|
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Detecting and localizing events

Improved and enhanced version

Impact of uncertainty on sliding mode control
(Maiga, Ramdani, Trave-Massuyes, Combastel, IEEE TAC 2016)

X1, x2, s

26
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Hybrid Reachability Computation

Detecting and localizing events

Improved and enhanced version

Impact of uncertainty on sliding mode control
(Maiga, Ramdani, Trave-Massuyes, Combastel, IEEE TAC 2016)

X1, x2, s
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Solution trajectory tube

k-1
X](t) = [x] + ); (t = )89 ([x], [p]) + (¢ — )€ (%], [p])

Mean value form + Lohner’'s QR transformation method

X](t) = A()[7](t) & [v](t) = MSBP

Alr] vl

|Ar@v,re(r],velv]|

XI(t) =c(t)®R(#)B* | is a particular zonotope

A(t)mid([r](t)) + mid([v](t)),
(A(t)diagrad([r](t)) | diagrad([v](t))).

27
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R(t)




Zonotope of minimum size enclosing
the intersection of a zonotope and a strip
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_zonotope support strip

Z(c,R)=c®RB? ={c+Rz:z€ B’} and S={z € R"||n"z — d| < o}

Proposition 1 (Vicino & Zappa, IEEE TAC 1996)
Given zonotope Z(c, R) and strip S, the zonotope support strip is defined by

S;={z€R"| pa<n'z < pu.},
pu=1"c+ Rl
pa=n"c—|R |, |

Theorem 1 (Vicino & Zappa, IEEE TAC 1996)

Z=(c, RNS=0 < (pa>d+o)V(py<d-—o0) ] o5,
Proposition 2 (Alamo et al., Automatica 2005) z:
Given zonotope Z(c, R), strip S, and A € R", define ~|

02}

é(\) =c+Ad—-1n"c), 0.1}

RN =[I-M")R | o, of

= ZNS=¢N)® R\BPHY, Rl
0.2

T - - - - - s
A= r 1?1?*:4-(:2 minimizes the Frobenius norm of matrix R(}).

_0'5 A A A A A A A A A J
-1 -08 06 -04 02 0 02 04 06 08 1

28
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g Predictor Corrector approach

UNIVERSITE D'ORLEANS

04 —
mode = 1 - . Z(ty) = Z§ (t) N Sy Z\'(ts) =0
iy (tl) - Zl (tl) N 81,1 ‘
Zi (t)_

Z3(ty) = Zj (t;) N Sz
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Hybrid dynamical systems

Set membership estimation
Hybrid reachability based approach
Example

Research directions
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Parameter identification

Hybrid Mass-Spring

Velocity-dependent damping. Mode switching driven by velocity.

To < —U To > —V

o >

31
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Hybrid Mass-Spring

Unknown initial mode. . qz = -
CPU time approx. 1Tm20s — -

State space

Mode Velocity
35 F : "
1
3k X% N NMAH K KX
.--.l..
05} o0 "
25| ",
.
0k u
2} X% X 333 3 3 3 3 X X ¢
15 F ) 05}
1F 1233333333333 333 8 % - . ) "
1 )
L ’ |
05 F - ¢ 4 0
15k
0F xx 20522 XK XX
Position
05 1 | 1 1 I 2 1 1 1 1 1 1
0 1 2 3 4 5 -1 0.5 0 05 1 15 2 25
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State Estimation

Hybrid Mass-Spring
Unknown initial mode.
CPU time approx. 1Tm20s

Mode

35 F

3F x 323 33 3 X %
25 F

2 X %X 336322 3 % X %
15 F

1F X35 3¢ 3 3 3 3 3 3 3 X 3 X X X X
05 |

oF * KRR KKK XX
0.5 4 A . :

0 1 2 3 4

1.5

i

< —v

i) -
start —’

o <V

>

To >

State space

Velocity
1
mee
05} .". ...'."'H,
1+
o
ot -
05 F
p . ..V ' '
. M . ‘
15k
Position
_2 p 2 1 L A
- 0.5 0 05 15 2 25
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Hybrid Mass-Spring

Unknown initial mode. . qz = -
CPU time approx. 1Tm20s — -

State space

4 L] 1 : T 1-5 Ll L A Ll L]
Mode / VeIOCity
35 - m : - L - :
3k X% N NMAH K KX R
....l..
05} o0 "
25| ",
.
0F B
2F x %X 133333383
15 F “ 05 F '.
1F 3¢ 3¢ 8 3¢ 33 2 3% X XX NN XX " . ) k/ .'
'1 P~ . '
L ’ |
05 F - ¢ 4 0
15k \ ‘
0F X% : 20522 XK XX ~
Position
05 1 | 1 1 I .2 1 1 1 1 1 1
0 1 2 3 4 5 -1 0.5 0 05 1 15 2 25
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State Estimation

Hybrid Mass-Spring

Unknown initial mode.

CPU time approx. 1Tm20s

2 b i
Position

15

1
05 p-

......
0O
.l
. . ..

05 p : Yoy !

.1 2 .

0 05 1 1.5 2 25 3 35 4 45

15p

05 p

05 p

-1.5 i

Tro < —U Tro > —U
start —>
To <V To >0

Velocity
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Contractors for hybrid dynamical systems
To build upon a hybrid reachability approach
Push forward set membership estimation
SM hybrid state estimation of nonlinear hybrid systems
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Contractors for hybrid dynamical systems

To build upon a hybrid reachability approach
Push forward set membership estimation

SM hybrid state estimation of nonlinear hybrid systems
Address SM estimation with controlled sampling

Event- & Self-triggered SM hybrid state estimation
of nonlinear hybrid systems
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Research directions

Contractors for hybrid dynamical systems

To build upon a hybrid reachability approach
Push forward set membership estimation

SM hybrid state estimation of nonlinear hybrid systems
Address SM estimation with controlled sampling

Event- & Self-triggered SM hybrid state estimation

of nonlinear hybrid systems

Combine with decision making

Application to actual hybrid systems,
In robotics, smart buildings, personalized medicine

35
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